Abstracf-The aim of this paper is to give the conditions on the hysteretic Bouc-Wen model so that (i) it has the property of being bounded input bounded output (BIBO), and (U) it dissipates energy (or is passive). This study leads to a classification of the possible BIB0 and dissipative (or passive) Bouc-Wen models.
I. INTRODUCTION
To describe the behavior of hysteretic processes several mathematical models have been proposed [Ill: the Dubem model uses the property that a hysteretic system's output changes its character when the input changes direction; the Ishlinskii hysteresis operator has been proposed as a model for plasticity4asticity and the Preisach model has been used for the modelling of electromagnetic hysteresis . A survey of the mathematical models for hysteresis may be found in [6] . Most works devoted to controlling systems with a continuous hysteresis have used the backlash model (see for example [9] , [IO] ). As noted as early as in [5] : "Use of backlash to model [a magnetic] hysteresis element misrepresent the behavior about the origin, does not properly account for saturation, and introduces a dead zone that does not exist".
The objective of the present paper is to introduce an alternative simple model of a smooth hysteresis known as the Bouc-Wen model. Proposed in 1976, this model (a first-order nonlinear differential equation) has been used experimentally mainly in wood joints and structural systems (see [I] for example) and has remained largely unknown for the wide control community due mainly to the absence of an analytical study of this model: The aim of this paper is to fill this gap by giving the Conditions on the Bouc-Wen model so that it holds the property of being bounded input bounded output (BIBO) and, moreover, it dissipates energy. 
A. The model
Consider a physical system with a hysteretic component that canbe represented by a map x ( f ) ti Qs(x(t),f), which is referred to as the "true" hysteresis. The so-called Bouc-Wen model [I21 represents the true hysteresis in the following form:
(1)
where i denotes the time derivative, and n > 1, D > 0, k > 0 and 0 < a < 1 are parameters. The limit cases n = 1, a = 0, a = 1 are treated in Appendix C.
This model was originally developed in the context of mechanical systems in which x is a displacement and Q is a restoring force. It represents the hysteretic force O,(x,t) as the superposition of an elastic component akx and a purely hysteretic component (1 -a)kDz, in which D > 0 is the yield constant displacement and a E (0,l) is the post to pre-yielding stiffness ratio. The hysteretic part involves a nondimensional auxiliary variable z which is the solution of the nonlinear first order differential equation (2) . In this equation, A , p and y are nondimensional parameters which control the shape and the size of the hysteresis loop, while n is a scalar that govems the smoothness of the transition from elastic to plastic response.
Ra,+~,p,y,n = {z(O) E W such that %W is BIB0 for all C1 input signals x ( t ) with fixed values of theparameters cr,k,D,A,P,y,n}.
(3)
The rest of the analysis is devoted to determining explicitly the set R a~P d ,~, y f l as a function of the Bouc-Wen model parameters. Let z(0) be an element of Q a , t p~,~, y , n . Then, for any boundedC' inputx(t), the output %w(x(t),t) is bounded. This implies by equation (1) values of the parameters A , P , y, n} . that it is bounded. The fact that R2,p,y,n = Q,,o,,, shows that for every input signal x ( t ) (under the only assumption that it is CI), the output z(t) is always bounded if the set % , p , , , is non-empty, and i f 0 ) E Q A ,~,~, , .
Corollary 2:
In all cases where a non-empty set R,,P,~,, exists, the parameter p is non-negative.
Starting from physical considerations, a result close to that of Corollary 2 has been drawn in [SI using the fact that thermodynamic laws require P > 0 for the energy to he dissipated through each hysteretic cycle.
Pro08
First we check that the differential equation (2) has a unique solution. Equation (2) may be seen as a non- We now tum to the case fi. Again, the derivative of V ( t ) depends on the signs of x and z. Indeed, P 5 0 in the following regions:
{i 2 0 and z 5 0 and IzI 5 zl},
{ f < O a n d 2 2 0 a n d z s z l } ,
{f 5 0 and z 5 0 and IzI 2 ZO}.
(10)
Then, from (7)- (10) 
UNCERTAINTY ISSUES
In Section 11-C we have seen that the Bow-Wen model does not represent adequately a physical hysteretic system if the set RA,~,,.,,, is empty. When the set RA,~,,.,. is not empty, we have determined it as an explicit function of the model parameters and we have also determined explicitly an upper bound on the solution z(t). In practice, the model parameters are not known exactly: tuning or identification procedures allow reasonably the determination of approximate values of these parameters [7] . Let We define the following constants:
The analysis involve lengthy but straightforward calculations. The results are summarized in Table 11 Note that the process of refining the identification procedure is always finite whenever the set RA,p,y,. is non-empty. Indeed, take series of values {pmjn,k,Pmax,k} such that pmin,k 5 Pmin,k+i 5 P 5 Pmaxjk+l 5 Pmax,k and limk+,pmiD,k = limk,,p,,,k = p , where p is any of the parameters A , /3, y or n. Then there exists some integer N such that A 2 am in,^ > 0. If the process of refining the identification were infinite, we would have from Table II: &in,t + %n,k 5 0 < &ax,r + for all k 2 N . Thus, taking the limit for k + -, we get p + y = 0. It can be checked from Table 1 that this case corresponds to an empty set RA,p,hn. This means that, once the Bouc-Wen model is BIBO, the process of refining the identification procedure leads in a finite number of steps to a computable subset of the set RA,a,r,n and a computable upper bound on Iz(f)l.
IV. FREE MOTION OF AN HYSTERETIC STRUCTURAL SYSTEM

A. Problem sfutemenf
We consider a structural isolation scheme, as illustrated in Figure 1 , which is modelled as 1 degree-of-freedom system with mass m > 0 and viscous damping c > 0 plus a restoring force @ characterizing a hysteretic behavior of the isolator material. Fig. 1. Hysteretic isolation scheme (a) and its physical model (b) .
This system is described by the second order differential equation 
B. Asympfofic trajectories
The main result in this section is given in the following theorem. 
W v. ENERGY DISSIPATION ANALYSIS
The 'objective of this section is the analytical study of the energy dissipation mechanism in the system (11)-(13), As in Section IV-B, it is assumed that the Bouc-Wen model parameters are such that a non-empty set Q,,p,,, exists and that z(0) E i2A,p,y,n. Write the system (11)-(13) as
where z is the solution of the differential equation (2) . At each instant r , the total energy E ( t ) of (18) is the sum of its kinetic energy -m~( t )~ and its potential elastic energy 1 -ah(t)'. That is 2
.
(19)
1 1
E ( t ) =
-a/a(t)2. and some finite time to such that E(to) > E(0).
A Bouc-Wen model that generates energy is highly undesirable as it cannot represent the real passive hysteretic systems.
With the definitions above we now state the main result of this section.
E(O) # 0.
Theorem 3: Consider the classes I-V of Table I Classification of the possible BIB0 and dissipative Bouc-Wen VI. CONCLUSION This paper has presented a classification of the possible Bouc-Wen models in terms of their BIBO and energy dissipation propeldes. It has been shown that only five classes I-V of Bouc-Wen models are BIBO. The asymptotic behavior of a second order mechanicallstructural hysteretic system represented by the Bouc-Wen model has been analyzed. It has been shown that, for all the five classes, the displacement of the mass and its velocity are bounded. Furthermore, for the classes I and 11, the displacement of the mass goes asymptotically to a constant, the restoring force goes to zero, the velocity of the mass is in L I and goes to zero asymptotically.
This study led to the analysis of the energy dissipation properties of the five BIBO classes of Bouc-Wen models. It has been shown that the classes I and I1 are indeed asymptotically dissipative and thus may represent the physical behavior of a true hysteresis. The classes 111 and N have been shown to contain an infinite number of elements which generates energy. This means that both classes are of little practical interest. The remaining class V has been shown to be irrelevant in practice since the hysteretic part of the model remains equal to zero and thus cannot describe an hysteretic behavior. The differential equation (2) remains locally Lipschitz for n = 1, however the signal x constructed in Appendix B is no longer in LI so that the result of that appendix does not hold. This means that in Table 1 the expressions given for QA,p,,, are only subsets of the whole set RA,p,y,n. With this simple observation, Table 1 holds also for the case n = 1. For example, for the class 11, a subset of QA,p,hn is given by [-zI,zI]; and for z(0) E [-zI,zI], an upper bound on Iz(f)l is given by max(Iz(O)l,zo) as indicated in Table 1 . Theorem 2 holds for n = 1 with the only modification that z(0) should belong to the subset of QA,p,7,n given by Table  1 (and not to the whole set QA,p,y,,). Theorem 3 holds as C2. The limit case a = 1
For a = 1 the hysteretic part in equation (1) is zero so that the system (18) is linear and thus does not represent a hysteretic nonlinearity. 
In both cases (21) and (22) it is i 2 0 for 0 5 f 5 E, which implies that z ( f ) is a non-decreasing function. Since z(0) = 0, this means that z(t) 2 0, so that i is given by (21).
Integrating (21) 
Combining equations (24) and (25), it follows that Integrating (26) gives for 0 5 t < :
The function z(t) is increasing, so that the conditions of existence of x in (24) and (28) are satisfied for any f 2 0.
This means that tl = -, that is 1 is well defined for all t 2 0 and a solution of the differential equation (2) (given by (27)) exists over f E W , . From equation (28), it follows that x E L I as n > 1. This implies that x ( t ) goes to a finite limit as f goes to infinity, which means that ~( t ) is bounded. Thus we have constructed a bounded C' signal x ( t ) with an unbounded corresponding signal z ( f ) .
